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Abstract
On going good number of research works establish Modified Chaplygin
Gas as one one of the most favoured candidates of Dark Energy. In our
present work, new bound on the parameter space of associated model
- parameter has been worked out with new explanation. Moreover,
the explicit relation between the mysterious state parameter w and
scale factor a(t) has been derived.
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1 Introduction
Modified Chaplygin Gas is one of the most favoured candidates of Dark En-
ergy. Though on observational ground the existence of Dark energy and Dark
matter is almost confirmed [1,- 6 ], their characterizing natures are still in
dark. So far, only we know the Dark matter has zero pressure where as the
pressure of Dark Energy is negative. The status of Modified Chaplygin Gas is
not something different but its legitimacy of being most favoured candidate
has been being gradually strong in persuasion of the ongoing active research
[7,- 10]. It should be marked that recently when it is attempted to under-
stand the basic physics behind their peculiar indentities on the basis of Bose
- Einstein Condensation of some boson fields without showing finger to par-
ticular candidate [11, -12 ], again a favourable result emerges in support of
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Chaplygin gas. The postulated condensate for understanding the mysterious
physics, if endowed with negative pressure, is found to obey the exotic fluid
equation folllowed by Chaplygin gas [13]. Thus, the research on Chaplygin
gas, more correctly to say, if considered most favoured observational weigh-
tage, on Modified Chaplygin Gas deserves a special attention.
The pursuit of exploring the unknown character of Dark Energy becomes
essentially entangled with other pertaining questions:
(i) The major problem to understand Einstein equation is the arbitrari-
ness of energy - momentum tensor Tµν . In the context of Dark Energy, as
the energy source is in mysterious state, the problem is more severe. The
general methodology adopted here is to impose some energy condition and
to check its validity and violation. So, the work in this direction sheds light
in exploration of new physics in different regimes defined on applied energy
condition [14,- 40].
(ii) There are some parameters in Dark Energy model whose parameter
spaces are still not well specified, and hence they are to be considered on phe-
nomenological ground. Here, thermodynamical approach lends helping hand
to impose some constraints on parameter space. Moreover, as the tempera-
ture generally incorporated in the thermodynamical analysis of Dark Energy
is horizon’s temperature the analysis offers new insights on spacetime, - and
in long run on quantum mechanical interpretation of General Theory of Rel-
ativity [41].
In our previous publications [42, 43], we considered Modified Chaplygin Gas
for the validity - check of Generalised Second Law of thermodynamics. There,
we became able to derive a new expression for scale factor following full dy-
namics of the model. The present paper is greatly extended work of the
previous ones. In addition to providing new results, the evolution of Modi-
fied Chaplygin Gas model is also analysed with interaction term which was
previously lacking. This follow- up gives us the nature of variability of state
parameter, w, - the most mysterious parameter of present - day cosmology.
The present work is organised as follows: Very briefly the main results of
our previous works are presented in section II entitled as preliminaries. The
section III contains our present works. The last section covers the summary
and conclusion.
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2 Preliminaries
Incorporating Modified Chaplygin Gas model given as
p = Bρ−
A
ρα
, A > 0, 0 < α < 1 (1)
in continuity equation
ρ˙+ 3H (ρ+ p) = 0 (2)
we have:
(i) For specific stae parameter, w = −1.06 [44], that is, for the phantom case,
the scale factor
a =
[
3
28
+
25
14
{
(0.56a3(1+α)/2∗ − 0.06)
1
α+1 + C(t− t∗)
}(1+α)] 23(1+α)
(3)
Here C2 = 9
4
(
8π
3Mp2
(2)
1
α+1ρ0
)
And using Gibb’s equation, it was obtained
Tds = −
4πR2H
4πG
H˙
(
3
2A
)
a
1
2 (4)
If fluid temperature T = TH =
1
2πRH
, the horizon temperature, we have
ds = −
2πR3H
G
H˙
(
3
2A
)
a
1
2 (5)
(ii) For unspecific w, respective expressions appear as
a =
[
−
(1 + w0)
n
+
1
n
{(
na3(1+α)(1+N+w)∗ + (1 + w0)
) 1
1+α
+C(t− t∗)}
(1+α) ]
1
3(1+α)(1+N+w) (6)
where C2 = 9(1 +N + w)2
{
8π
3M2p
( 1
1+N+w
)
1
1+αρ0
}
Tds = −
4πR2H
4πG
H˙
[
dRH −
N + w + 2
(1 +N + w)
{
aN+w+2 − aN+w+2∗
}]
(7)
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3 Present Work :
3.1 Bound on α
It is observed in the equation (5) and equation (7) that the validity of Gen-
eralised Second Law rests on the signature of H˙ . The restriction imposed by
H˙ can be traced back to the constraint on Modified Chaplygin Gas model
via the constraint on parameter space of α. We have the expression
H˙ =
a¨
a
−
(
a˙
a
)2
(8)
So the positivity or negativity of H˙ rests on whether aa¨ > (a˙)2 or aa¨ <
(a˙)2 respectively. But unless we do some compromise in evaluation of a˙ (of
course without harming the basic physics involved), it is hard to be arrived
at some illuminating expression. So, setting a∗ = 1 and t = t∗ (that is our
compromise), we evaluate aa¨ < (a˙)2. For the specific w, that is, w = −1.06,
we obtain
25α2 + 354α + 123 < 0 (9)
And for the unspecific w, following all the similar mathematical steps, we get
α >
−2− 3K
3 (K + 1)
(10)
K = C
3n(1+N+w)
a2 (1 + n + w)α
3.2 Interacting Modified Chaplygin Gas
The mysterious state parameter w
(
= p
ρ
)
is not a constant. Its different mag-
nitude determines whether the concerned Dark Energy candidate is quintessence,
phantom or cosmological constant. Obviously, the most pertinent questions
are: Why is that variation? What is the nature of variation? One of the
answers is the presence of some interaction between cold Dark Matter and
Dark Energy. Interaction is incorporated into the continuity equation by
some coupling term Q, and then detail of the investigation can be pursued.
In this respect, Chaplygin Gas model has an extra advantage, - as the model
manifests both the identities, - the Dark Matter and Dark Energy provided
with the specific conditions satisfied. So, within this model the proposed
interaction is more conducive. Here, we consider the coupling term from
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Izquierdo and Pavo´n’s work [45]. Only the coupling term proportional to
Dark Energy density has been taken into account for analysis. In this case,
coupling term Q is provided as Q = 3ǫHρ, where ǫ, the strength of interaction
is non-negative and small. Now the continuity equation becomes
ρ˙+ 3H (ρ+ p) = −3ǫHρ (11)
⇒ ρ˙+ 3H [ρ (1 + ǫ) + p] = 0 (12)
For p, if we consider the expression (1), and take w = −1.06, finally it is
obtained
ρα+1 =
1
ǫ+ 0.5
[
0.56 +
ǫ− 0.06
a3(α+1)(0.5+ǫ)
]
ρ0
α+1 (13)
And if non-specific w0 is retained, the expression reads as
ρα+1 =
1
1 + n + ǫ+ w0
[
n+
1 + ǫ+ w0
a3(α+1)(1+n+ǫ+w0)
]
ρ0
α+1 (14)
Further, we can assume
a = nρ0
α+1 ≡ Nρα+1
which gives
n
N
=
ρα+1
ρ0α+1
After some simple simplification, it is obtained
a3(α+1)(1+N+w) =
N(1 + w0)
n[n+ (1 + w0)−N ]
Taking logarithm on both sides, and performing the simple steps, we have
w =
log[N(1 + w0)]− log [n{n+ (1 + w0)−N}]
3(α + 1)loga
w =
K1
loga
−K2 (15)
where K1 =
log[N(1+w0)]
3(α+1)
and K2 =
log[n{n+(1+w0)−N}]
3(α+1)
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4 Summary and Conclusion
Probably the compromise done at the level of a˙, the expression (9) does not
provide, at the first sight, any illuminating result regarding the parameter
space of α. Even it indicates contrary to our model concerned. But instead
of inequality, if we consider equality sign, it means H˙ = 0. Physical interpre-
tation of this is that there is no change of entropy. So in this situation, for
these magnitudes of α, either the two systems, - the fluid and the horizon are
thermodynamically isolated or their mutual interaction is somehow shielded.
This conclusion might have some linkage with the comment [15] made on the
basis of apparent violation of Generalised Second Law that Chaplygin gas
may have some upper bound in density at the initial state. Not only the
specific magnitude of w, for the unspecific w also the same interpretation
prevails with the expression (10). In this case, another subtle point comes
into the picture. The pressence of the constant C in (10) where
C2 = 9(1 +N + w)2
8π
3Mp
2{
1
1 + n + w0
}
1
α+1ρ0
for unspecific w, shows some impact of energy density on α. For various
findings, the question of energy density should be handled very cautiously
[46, - 50].
In interacting Modified Chaplygin Gas scenario, the expression (13) shows
that there is no variation of density at ǫ = 0.06 for w0 = −1.06, and for
unspecific w0 also there is similar situation at w0 = −(1+ ǫ) as shown by the
expression (14). This result is an indication of crucial impact of interaction
strength on Dark Energy evolution. From the expression (15) we get the
clear-cut dependency of w on scale factor a(t).
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